Abstract Superderivations for the eight families of finite or infinite dimensional graded Lie superalgebras of Cartan-type over a field of characteristic p > 3 are completely determined by a uniform approach: The infinite dimensional case is reduced to the finite dimensional case and the latter is further reduced to the restrictedness case, which proves to be far more manageable. In particular, the outer superderivation algebras of those Lie superalgebras are completely determined. Keywords Lie superalgebra; Cartan-type; superderivation Mathematics Subject Classification 2000: 17B50, 17B40
Introduction
Eight families of Z-graded Lie superalgebras of Cartan-type were constructed over a field of characteristic p > 3 [2, 6, 9, 10, 15] . These Lie superalgebras are subalgebras of the full superderivation algebras of the associative superalgebras-tensor products of the divided power algebras and the exterior superalgebras. The superderivation algebras were studied in one-by-one fashion for the finite dimensional and simple ones [2, 9, 11, 14, 16] . The present paper aims to use a uniform method to determine the surperderivation algebras of all the eight families of graded Lie superalgebras of Cartan-type, including the infinite dimensional or non-simple ones. In particular, the outer superderivation algebras of those Lie superalgebras are completely determined. We should mention that we adopt a method for Lie algebras [12, Lemma 6.1.3 ] and benefit much from reading [12, 13] . It should be also mentioned that the present paper covers some known results about superderivations for the finite dimensional simple graded Lie superalgebras of Cartan-type mentioned above [2, 9, 11, 14, 16] and certain inaccuracies in the literature are corrected.
Throughout F is an algebraically closed field of characteristic p > 3, Z 2 := {0,1} is the field of two elements. As in usual, Z, N and N 0 are the sets of integers, nonnegative integers and positive integers, respectively. For a Z 2 -graded vector space V , denote by |x| = α the parity of a homogeneous element x ∈ V α , α ∈ Z 2 . If V is a Z-graded vector space and x ∈ V is a Z-homogeneous element, write zd(x) for the Z-degree of x. The symbol |x| (resp. zd(x)) always implies that x is a Z 2 -(resp. Z-)homogeneous element.
Basics
Fix two positive integers m and n > 1. Let O(m) be the divided power algebra over F with basis {x (α) | α ∈ N m } and Λ(n) the exterior superalgebra over F with n variables x m+1 , . . . , x m+n . The tensor product O(m, n) := O(m)⊗ F Λ(n) is a supercommutative associative superalgebra in the usual way. For g ∈ O(m), f ∈ Λ(n), write gf for g ⊗ f . Fix two m-tuples of positive integers t := (t 1 , t 2 , . . . , t m ) and π := (π 1 , π 2 , . . . , π m ) , where π i := p ti − 1. The divided power algebra O(m) contains a finite dimensional subalgebra O(m; t) := span F {x (α) | α ∈ A(m; t)}, where A(m; t) := {α ∈ N m | α i ≤ π i }. In particular, O(m, n) has a finite dimensional subalgebra O(m, n; t) := O(m; t) ⊗ F Λ(n).
Let u := i 1 , i 2 , . . . , i k be a k-shuffle, that is, a strictly increasing sequence of k integers between m + 1 and m + n. Write x u := x i1 x i2 · · · x i k and |u| := k. Notice that we also denote the set {i 1 , i 2 , . . . , i k } by the k-shuffle u itself. The only n-shuffle is ω := m + 1, . . . , m + n . For short, put I 0 := 1, m, I 1 := m + 1, m + n and I := 1, m + n. For a proposition P , put δ P := 1 if P is true and δ P := 0 otherwise. For ε i := (δ i1 , . . . , δ im ), we abbreviate
From now on, we adopt the convention (m, n; ∞) = (m, n). For example, we have O(m, n; ∞) = O(m, n). Let us introduce the eight families of Z-graded Lie superalgebras of Cartan-type as follows [2, 6, 9, 10, 15] . In the below t may be ∞.
(1.1) The generalized Witt superalgebra W (m, n; t) is spanned by all f r ∂ r , where f r ∈ O(m, n; t), r ∈ I.
(1.2) Let div : W (m, n; t) −→ O(m, n; t) be the divergence, which is an even linear operator such that div(f ∂ k ) = (−1)
It is the derived algebra of S(m, n; t) := {D ∈ W (m, n; t) | div(D) ∈ F}.
Moreover, the derived algebra of S(m, n; t), S(m, n; t)
is a simple Lie superalgebra.
Write m = 2r or 2r + 1. Let ′ be the involution of I such i ′ = i + r for i ∈ 1, r and i ′ = i for i ∈ I 1 . We also use the mapping σ : I −→ {1, −1} given by σ(i) = −1 for i ∈ r + 1, 2r and σ(i) = 1 otherwise.
(1.3) Suppose m = 2r is even. Let D H : O(m, n; t) −→ W (m, n; t) be an even linear operator given by D H (a) := i∈I σ(i)(−1)
Its derived algebra is simple. While H(m, n; t) is the derived algebra of the Lie superalgebra H(m, n; t) := H(m, n; t)0 ⊕ H(m, n; t)1,
WriteŌ(m, n; t) for the quotient superspace O(m, n; t)/F · 1 and view D H as the linear operator ofŌ(m, n; t). One sees that H(m, n; t) ∼ = (Ō(m, n; t),
where the bracket is:
(1.4) Suppose m = 2r + 1 is odd. The contact superalgebra is by definition
We have a Lie superalgebra isomorphism
where the Lie bracket is:
is simple.
In the below, we introduce the other four families of Lie superalgebras of Cartantype. In these cases, suppose m > 2 and n = m or m + 1. Let˜be the involution of I such thatĩ = i + m for i ∈ I 0 . When n = m, from [6, 9] we have the following two families of Lie superalgebras. 
We have a Lie superalgebra isomorphism HO(m; t) ∼ = (Ō(m, m; t), When n = m+1, from [2, 10] we have the following two families of Lie superalgebras.
(1.7) The odd Contact superalgebra is
where
The kernel of div λ is called the Special odd Contact superalgebra, denoted by SKO(m; t). Its second derived algebra is simple.
For simplicity we usually write X(t) for X(m, n; t) (X = W, S, H or K) and X(m; t) (X = HO, SHO, KO or SKO), where t is ∞ or not. It is convenience to identify X(t) with a finite dimensional subalgebra of X(∞) for t = ∞.
X(t) and its derived algebras are referred to as the graded Lie superalgebras of Cartan-type.
Remark 1.2. When t = ∞, S(t), H(t), K(t), SHO(t)
(1) and SKO(t) (1) are simple.
Reduction
In this section we establish some technical lemmas to simplify our consideration. Propositions 2.6 and 2.7 play an important role for determining the superderivations of Lie superalgebras of Cartan-type. For later use we first list the heights of the graded Lie superalgebras of Cartan type.
Remark 2.1. X(t) has a principal grading satisfying that
Let h(X) denote the height of X(t) (2) and put
Heights of Lie superalgebras of Cartan type
As in the usual, write
Let T ⊂ L 0 ∩ L0 be a torus of L with the weight space decompositions:
Then there exist subsets Θ i ⊂ Θ and
. Hence L and V have the corresponding Z × T * -grading structures, respectively. Of course Der(L, V ) inherits a Z × T * -grading from L and V as above. A superderivation φ ∈ Der(L, V ) is call a weight-derivation if it is T * -homogeneous. Write θ for the zero weight.
Hence φ i (x) = x· α(t) −1 φ i (t) , which implies that φ i is inner. Then φ is inner.
Analogous to [13, Proposition 3.3.5 and Lemma 4.7.1], we have
i=−r L i be a finite dimensional Z-graded simple Lie superalgebra. The following statements hold:
Analogous to [7, Lemma 2.1.3], we have Lemma 2.4. Let V be an arbitrary vector superspace over F. Suppose A 1 , A 2 ,. . . , A k ∈ End F V span an abelian sub-Lie superalgebra of gl(V ). Suppose further each A i is generalized invertible, that is, there is B i ∈ End F V with |B i | = |A i | such that
When t = ∞ we adopt the convention that x (α+εi) = 0 whenever α + ε i ∈ A(m; t). Clearly, Φ i is of Z-degree 1 and
Proof. For j ∈ I 1 , we have [∂ j , φ(∂ j )] = 0 and φ(∂ j ) is j-integral. Suppose j ∈ I 0 . It is clear that the elements of W (∞) are j-integral for all j ∈ I 0 . For t = ∞, Der(W ) is a restricted Lie superalgebra with respect to the p-power and consequently, ad (ad∂ j )
Since W (t) is simple, we have (ad∂ j )
Without loss of generality one may assume that φ is Z 2 -homogeneous.
Proposition 2.6. For any φ ∈ Der X(t), W (t) , there exists D ∈ W (t) such that φ−adD vanishes on X − (t). If X(t) is finite dimensional and φ ∈ Der k X(t), W (t) for k ≥ −r + 1, where r is the depth of X(t), then there exists D ∈ W (t) k such that φ − adD vanishes on X(t).
Proof. Without loss of generality one may assume that φ is Z 2 -homogeneous. Obviously, the conclusions hold for X = W, S, H, HO or SHO.
For X = K, by Lemma 2.5, there exists D 1 ∈ W (t) such that (φ − adD 1 )(1) = 0. Put ϕ = φ − adD 1 . Then for any r, q ∈ I\{m}, we have ∂ m ϕ(x r ) = 0. It follows that
Proof. Let E ∈ X(∞). A sufficient and necessary condition for E ∈ X(t) is that 
Thus we have φ(X(t)) ⊂ X(t).
In order to prove the next proposition, we establish a technical lemma.
Proof. Note that
h(HO)−1 ;
h(KO)−1 ;
h(SHO) ;
h(SKO)−1 contains the element
where h(L) is the height of L(s + ε i ) (2) (see Remark 2.1). Now the conclusion follows from Lemma 2.3. Proposition 2.9. Let A X denote a subalgebra of X(∞) and s ≥ 1. Put
Proof. By Lemma 2.3, it is sufficient to show that
h(X)−1 = 0 or A X ∩ X(s + ε i ) (2) h(X) = 0, where h(X) is the height of X(s + ε i ) (2) 
, respectively, one gets
h(W ) , where l ∈ I 1 ;
h(H)−1 ;
It follows that X(s + ε i ) (2) ⊂ A X for X = W, H or K. For X = HO or SHO, choosing j ∈ I 0 \{i}, we have
Observe that, for X = KO or SKO,
As in the case X = HO, we have x ((p s i +1 −1)εi) ∈ A X . From Lemma 2.8, we obtain that X(s + ε i ) (2) ⊂ A X for X = HO, SHO, KO or SKO. For X = S, without loss of generality, we may assume inductively that A S contains
Choose any k ∈ I 1 . One sees that A S contains
h(S) . The proof is complete.
Superderivations
As before, X = W , S, H, K, HO, SHO, KO or SKO. Apparently, it is much easier to determine the superderivations of X(1) (2) than to determine the superderivations of X(t). On the other hand, X(1) (2) contains almost the whole elementary information of X(t) in a sense: X(1) (2) contains all the formal variables of the underlying superalgebras and all the partial derivatives ∂ i of X(t). As expected, starting from the superderivation algebras of the "basic" subalgebra X(1) (2) , we are able to determine the superderivations of the "big" algebra X(t) and its derived algebra no matter X(t) is finite dimensional or not.
We first introduce two "exceptional" superderivations for HO and SHO.
(1) By [3] , HO(t) has an outer derivation
(2) By a direct computation, we can show that SHO(3, 3; t) (2) has an outer derivation 
where b i = j∈{1,2,3} δ αj =0 δj ∈u .
Remark 3.1. In [1] , Θ mentioned in (2) is neglected by mistake when m = 3.
As in Lie algebra case, X(1) (2) is generated by its local part and one may determine its superderivations by a direct computation. Here we single out certain conclusions on the negative superderivations from [1, 2, 9, 11, 14, 16] :
where r is the depth of X(1) (2) .
Note that T := i∈I Fx i ∂ i is abelian and acts diagonally on W (m, n). We call T X := X ∩ T the canonical torus of X. Following [12, Lemma 6.1.3 ], we have Lemma 3.3. Let X be a Z-graded subalgebra of X(t) containing X(t) (2) and Q :=
where r is the depth of X.
Proof. For any φ ∈ Q, we can consider the following cases:
From Proposition 2.7 we know that φ leaves X(1) (2) invariant. In view of Remark 3.2 we may assume that X(1) (2) ⊂ ker φ. Suppose 1 ≤ s ≤ t to be maximal element satisfying X(s) (2) ⊂ ker φ. Then
In addition, for X = H, HO or SHO,
Whence φ X ∩ X(s) = 0 and φ X ∩ X(s) = 0. The conclusion holds if s = t. Suppose s < t and let i 0 be an index such that s i0 < t i0 . Fix any j ∈ I 0 and consider the elements E X ∈ X listed below:
By Proposition 2.9, E X ∈ ker φ. However, a computation shows that
Let T X be the canonical torus of X. By Lemma 2.2 we can assume that φ is a zero weight-superderivations. Since X(t) is centerless, we have φ(T X ) = 0. Thus we can obtain the following results.
By a direct computation, we can find β X ∈ F such that
Case 2: Suppose X = K. From (3.1) we have φ(E K ) ∈ K(s) −2 and therefore,
Summarizing, one sees from Proposition 2.9 that φ vanishes on X(s + ε i0 ) (2) modulo β X ad∂
. By induction on s, we may assume that X(t) (2) ⊂ ker φ. It follows that φ( X) = 0 and the proof in this case is complete.
Case 2: t = ∞. From Proposition 2.7 we know that φ leaves X(t) (2) invariant for any t = ∞. From Case 1 we can assume that
where D t ∈ X(t) (2) −r and r is the depth of X(t) (2) and a(t) ij , µ t , ν t ∈ F. A direct computation shows that a(t) ij = a(s) ij for t ≤ s;
For i ∈ 1, m and j > 0, choose λ X ij ∈ F such that λ X ij is the coefficient of B X in ϕ(C X ), where B X , C X ∈ X(t) (2) . Further information is listed below:
Clearly, (ϕ − δ X )(X(t) (2) ) = 0. It follows that (ϕ − δ X )( X) = 0 and the proof in this case is complete.
By a computation we are able to show that Nor W (t) X(t) = Nor W (t) X(t)
(1) for X = S, H or K;
Further information is listed below (c.f. [1, 2, 9-11, 14, 16] ): Table 3 .1: Normalizer of X(t) in W (t)
Hereafter, D = i∈I x i ∂ i , the degree derivation of X(t), where X = S, H, HO or SHO.
Let M m×∞ be the vector space of all m × ∞ matrices over F, that is
Fe ij | e ij is the unit of m × ∞ matrix , which is regarded as an abelian subalgebra of Der L(t) by letting
Proof. It is a direct result of Proposition 2.6 and Lemma 3.3.
Outer superderivations
In this section, let X = W , S, H, K, HO, SHO, KO or SKO and L = X(t), X(t) (1) or X(t) (2) . Denote by Der out (L) := Der(L)/ad(L) the outer superderivation algebra of L. Write δ (1) Put G X (t) := M m×∞ when X = W, K or KO. For t = ∞, the direct sum of Lie algebras
is an abelian Lie algebra.
(2) Write the direct sum of Lie algebras G S (t) := M m×∞ ⊕ Ff S and let V S := span F {g S i | i ∈ 1, m} be an abelian Lie algebra. Then, for t = ∞, the semidirect sum For t = ∞, the semi-direct sum
is a Lie algebra with multiplication [M m×∞ , f
For t = ∞, we introduce some symbols for simplicity. Let (i 1 , i 2 , . . . , i k ) be a k-tuple of pairwise distinct positive integers. Write the integer
be a Z 2 -graded vector space where Der out X(t) ∼ = G X (t);
Der out X(t) (1) ∼ = G Moreover, Der out X(t) , Der out X(∞) (1) and Der out SKO(t) (i) , i = 1, 2 in the case δ ′ mλ,−1 = 0 are all Lie algebras. In addition, Der out X(∞) is abelian. Proof. For t = ∞, if m > 3, the conclusions follow directly from [1, 10] ; if X = SHO and m = 3, the conclusions hold from a simple computation. For t = ∞, SHO(t) ∩ S(t) = SHO(t) ⊕ Fx 1 x1 = SHO(t)
(1) ⊕ Fx ω ⊕ Fx 1 x1; SKO(t) = SKO(t) (1) ⊕ Fx ω mλ − m + 2 ≡ 0 (mod p) or λ = 1; SKO(t) (1) otherwise.
From Table 3 .1 and Theorem 3.4, by a direct computation we have the desired results. Dimensions of outer superderivations algebras of Cartan type X dim Derout X(t) dim Derout X(t) (1) dim Derout X(t) 
